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SOME GENERAL FAMILIES OF THE HURWITZ-LERCH ZETA 
FUNCTIONS AND THEIR APPLICATIONS: RECENT 
DEVELOPMENTS AND DIRECTIONS FOR FURTHER 

RESEARCHES 

H. M. SRIVASTAVA 


Abstract. Our main purpose in this survey-cum-expository article is 
to systematically investigate several families of the celebrated Hurwitz- 
Lerch Zeta function including (for example) the so-called A-generalized 
Hurwitz-Lerch Zeta functions. We first present here many potentially 
useful results involving some of these A-generalized Hurwitz-Lerch Zeta 
functions including their partial differential equations, new series and 
Mellin-Barnes type contour integral representations (which are associ¬ 
ated with Fox’s R-function) and several other summation formulas in¬ 
volving them. We then propose to discuss their potential application in 
Number Theory by appropriately constructing a presumably new contin¬ 
uous analogue of Lippert’s Hurwitz measure and also consider some other 
statistical applications of these families of the A-generalized Hurwitz- 
Lerch Zeta functions in probability distribution theory. A brief descrip¬ 
tion and survey of some recent developments and other applications 
involving several directions for further researches on the subject-matter 
of our presentation here will also be given. 


1. Introduction, Definitions and Preliminaries 

Throughout our present investigation, we use the following standard notations: 
N:= {1,2,3,-No := {0,1,2, 3, • • • } = N U {0} 

and 

Z- :={-l,-2,-3,---}=Zo \{0}. 

Also, as usual, Z denotes the set of integers, M denotes the set of real numbers, M"'' 
denotes the set of positive numbers and C denotes the set of complex numbers. 

One of the fundamentally important higher transcendental functions of Ana¬ 
lytic Number Theory is the familiar general Hurwitz-Lerch Zeta function s, a) 
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defined by (see, for example, [23, p. 27. Eq. 1.11 (1)]; see also [68], [75, p. 121 
et seq?[ and [76, p. 194 et seq\) 


<^{z,s,a) := 


z 


oo 

= T 

n 

n=0 


( 1 . 1 ) 


(a G C \ Zg ; s G C when \z\ < 1; 3?(s) > 1 when \z\ = l). 

It contains, as its special cases, not only the Riemann Zeta function C{s), the 
Hurwitz (or generalized) Zeta function C{s,a) and the Lerch Zeta function isiO 
defined by (see, for details, [23, Chapter I] and [75, Chapter 2]) 

OO - 

E 1) = 1) > 1) > (1-2) 

1 ^ 
n=l 

oo ^ 

C(s,a):=^ =4>(l,s,a) (K(s) > 1; a G C \ Zg ) (1.3) 

(n + a)® 

n=0 

and 

OO 277.7ri^ 

= (3^(s)>l; CeM), (1.4) 

n=0 ' ' 

respectively, but also such other important functions of Analytic Number Theory 
as the Polylogarithmic function (or de Jonquiere’s function) Lis( 2 ;): 

OO 

Lh(z) := ^ ^ = z4>(2;,s, 1) (1.5) 

1 ^ 
n=l 


(s G C when \z\ < 1; 3?(s) > 1 when \z 


and the Lipschitz-Lerch Zeta function a, s) (see [75, p. 

( 11 )]): 


“ g2n7ri^ 

(/>(^,S,a) := \ ^—- 

^ (n + a)® 

n=0 


= ^ e 


:, 27 ri^ 


5 , a 


= 1 ) 

122, Equation 2.5 


( 1 . 6 ) 


(a G C \ Zg ; 3^(s) > 0 when ^ G M \ Z; K(s) > 1 when G Z), 

which was first studied by Rudolf Lipschitz (1832-1903) and Matyas Lerch (1860- 
1922) in connection with Dirichlet’s famous theorem on primes in arithmetic 
progressions (see also [69, Section 5]). Indeed, just as its aforementioned special 
cases C(s) and ((s, a), the Hurwitz-Lerch Zeta function <h(z, s, a) defined by (1.7) 
can be continued meromorphically to the whole complex s-plane, except for a 
simple pole at s = 1 with its residue 1. It is also known that [23, p. 27, Equation 
1.11 (3)1 


4>(2;,s,a) 


2 poo ^5—1 ^—at poo ^-5—1 g—(a—l)t 

r('S) io l-ze-*^^ r(s) io 


(1.7) 


(3f?(a) > 0; K(s) > 0 when \z\ ^ I {z jtz 1); 3fJ(s) > 1 when z = l). 

Recently, Srivastava et al. [95] introduced and systematically studied various 
properties and results involving a natural multiparameter extension and gener¬ 
alization of the Hurwitz-Lerch zeta function <^( 2 :, s,a) defined by (1.7) (see also 
[69] and [87]). In order to recall their definition (which was motivated essentially 
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by the earlier works of Goyal and Laddha [31], Lin and Srivastava [40], Garg et 
al. [26], and other authors), each of the following notations will be employed: 






( 1 . 8 ) 


vi=i 




and 


^ Pi ^ ^^ pj 

j=i j=i j=i j=i 

The extended Hurwitz-Lerch zeta function 

Al,---j/iq V ) ) / 

is then defined by [95, p. 503, Equation (6.2)] (see also [69] and [87]) 

p 

OO n {^j)npj ^ 


(1.9) 




^ (n-\- aY 

n=0 n! • n {Pj)nuj ^ ^ 

i=i 


( 1 . 10 ) 


p,qe No; \j G C (j = 1, • • • ,p); a,/ij G C \ Zg (j = 1, - • • ,g); 

Pj,ak GM+ (j = I,-- - ,p; k = !,■■■ ,q); 

A > — 1 when s, z G C; 

A = — 1 and s G C when \z\ < V*; 


A = — 1 and iR(H) > ^ when \z\ = V* 

where (A);^ (A, v G C) denotes the Pochhammer symbol (or the shifted factorial) 
which is defined, in terms of the familiar Gamma function, by 


(A). 


r(A + i/) 
r(A) 


1 (z/ = 0; AgC\{0}) 

A(A + 1) • • • (A + n — 1) (z/ = n G N; A G C), 


it being understood conventionally that (0)o := 1 and assumed tacitly that the 
above T-quotient exists. In terms of the extended Hurwitz-Lerch zeta function 
defined by (1.10), the following unification and generalization of several known in¬ 
tegral representations stemming from (1.7) was given by Srivastava et al. [95] (see 
also [71, Theorem 4.1] for a more general sum-integral representation formula): 


$ 


ipu-,Pp,ai,-,aq) , f 

(Ai,/5i),''' ,(Ap,/3p); 


s—1 Q—o,t 


. \T/* 

P^q 


ze 


—t 


ihli 1 ' ' ' 


dt 


( 1 . 11 ) 


(min{il?(a), il?(s)} > O), 
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provided that the integral exists. Here, and in what follows, p'h* or p'hg (p, q G 
No) denotes the Fox-Wright function, which is a generalization of the familiar gen¬ 
eralized hypergeometric function pFq {p,q G No), with p numerator parameters 
oi, • • • ,ap and q denominator parameters bi, ■ ■ ■ ,bq such that 


aj gC {j = 1, ■■■ ,p) and bjGC\ZQ {j = l,---,q), 

defined by (see, for details, [23, p. 183], [90, p. 21 et seq.] and [92, p. 50 et seq]] 
see also [36, p. 56], [48, p. 30] and [86, p. 19]) 


il/* 

P^q 


(ui, Ai), • • • , (dp, Ap ^; 


(6i,Hi), • • • , {bq,Bq ); 

(®l)Ain ■ ■ ■ i^p)Aj,n z"’ 
n\ 

(«l,^l) , 


-E 


r( 6 i) •••r( 6 ,) 


r(ai) •••r(ap) 




p-^q 


, (op, Ap ); 


(6i,Hi), ••• ,{bq,Bq); 


( 1 . 12 ) 


I > 0 {j = 1, ■■■ ,p); Bj >0 {j = 1, ■■■ ,q); l + '^Bj - '^Aj^o\ , 

\ i=i i=i / 

where the equality in the convergence condition holds true for suitably bounded 
values of l^l given by 


< V := 




(1.13) 


Definition 1.1. (see Srivastava [70]). By suitably modifying this last integral 
representation formula (1.11), we now introduce and investigate the various prop¬ 
erties of a significantly more general class of Hurwitz-Lerch zeta type functions 
defined by 


4> 


(pi,-,Pp,ai,-,ag), , ,, _ ^ f 

T{s) Jq ^ 

(-^1) Pi)g '' ) {^pi Pp)'i 

ze 

{Pli <7l), • • • , {Pqi iTq); 


s—1 


exp ( —at — ^ 


. ii/* 

P^q 


dt, 


(min{ift(a), K(s)} > 0; K(6) ^0; A ^ O), 
so that, obviously, we have the following relationship: 

iCg) / n \\ _ ^(pir" iPpiO"!,'" ,<^9) 


4- 


, . , (z,s,a;0,A) = 4>^^^’'"r;^’'''7^(z,s,a) 

b ^(Pl:-- ,0-q) 


= e" 4> 


ApjPlr" 


{z,s,a]b,0). 


In its special case when 


(1.14) 


(1.15) 


p-l = q = 0 (Ai = //; pi = 1), 
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the above definition (1.14) would reduce immediately to the following form: 

1 

e^{z,s,a;b) := :— 

r(s) Jo 

(min{3f?(a), K(s)} > 0; K( 6 ) ^0; A ^ 0; ^ G C), 
where we have assumed further that 

3?(s) > 0 when 6 = 0 and 1^1 ^ 1 ( 2 ; 7 ^ 1 ) 



or 

— n) > 0 when 6 = 0 and 2 : = 1 , 

provided, of course, that the integral in (1.16) exists. The function Q^{z,s,a;b) 
was introduced and studied by Raina and Chhajed [63, p. 90, Equation (1.6)] 
and (more recently) by Srivastava et al. [91]. 

Two interesting further special cases of the function &^{z,s,a;b) are worthy 
of note here. First of all, for 6 = 0, we find from the definition (1.16) that 


e^{z,s,a;0) = %{z,s,a) = 


ts 1 g at 


5 ) Jo (1 - 2 :e *)^ 


(1.17) 


(3f?(a) > 0 ; K(s) > 0 when | 2 ;| ^ 1 ( 2 ; 7 ^ 1 ); 3 fJ(s — ^) > 0 when 2 : = l), 
where the function <h*( 2 ;,s,a) defined by 


Kiz,s,a) := V ^ 

^ ^ ^ ^ (a+ n) nl 

n=0 


(1.18) 


was studied by Goyal and Laddha [31, p. 100, Equation (1.5)]. As a matter of 
fact, in terms of the Riemann-Liouville fractional derivative operator Vz defined 
by (see, for example, [24, p. 181], [36, p. 70 et seq.] and [64]) 

( 2 ; — f (t) dt 

”{/(^)}| (m —l^K(/x)<m (mGN)), 

it is easily seen from the series definitions in ( 1 . 1 ) and (1.18) that 

%{z,s,a) = {z>^-^ ^{z,s,a)} (3?(^)>0), (1.19) 

which (as already remarked by Lin and Srivastava [40, p. 730]) exhibits the 

interesting (and useful) fact that the function *^^( 2 :, s, a) is essentially a Riemann- 
Liouville fractional derivative of the classical Hurwitz-Lerch zeta function (z, s, a) 
(see also the closely-related investigations by Garg et al. [27] and Lin et al. [41]). 

The other interesting special case of the function Q^{z, s, a; 6 ) arises when we 
set X = fi = 1 and 2 : = 1 in the definition (1.16). We thus find that 

e\{l,s,a;b) = Cb{s,a) dt, (1.20) 

where (h{s,a) is the extended Hurwitz zeta function defined in [17, p. 308]. In 
fact, just as it is already pointed out in [44], the series representation (see [63, p. 
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91, Equation (2.1)]) given for the function Q^{z, s, a; b) in (1.16) is incorrect. Ob¬ 
vious /urt/ier specializations in (1.17) and (1.20) would immediately relate these 
functions with the Riemann zeta function C(s) and the Hurwitz (or generalized) 
zeta function Cis,a) defined by (1.2) and (1.3), respectively. 


Remark 1.1. In a series of recent papers, Bayad et al. (see [7], [8] and [25]) 
introduced and studied the so-called generalized Hurwitz-Lerch zeta funetion 
C{s, iJ,] a, z) of order /a, which they defined by (c/. [8, p. 608, Equation (6)]) 


r(M) 


r*oo ^—at 




( 1 . 21 ) 


(il?(a) > 0; > 0 when \z\ ^ 1 (z / 1); iR.{s — /x) > 0 when z = l) 

or, equivalently, by (c/. [8, p. 608, Equation (7)]) 


^ ^ r (^ -|- n) z 

C{s,fi]a,z) := > -, 

n\ 


n=0 


a -I- nY 


( 1 . 22 ) 


By comparing the definitions (1.18) and (1.22), it is easily observed that 


C{s,n;a,z) = r{^) ■ <l>* {z,s,a) and %{z,s,a) = 


1 


C{s,R-,a,z). (1.23) 


^ ft K'-'t r(yu) 

Clearly, therefore. Equations (1.23) exhibit the fact that the generalized Hurwitz- 
Lerch zeta function ({s, fr; a, z) of order fj,, which was considered recently by 
Bayad et al. (see [7], [8] and [25]) is only a constant multiple of the widely- and 
extensively-investigated extended Hurwitz-Lerch Zeta function ^*^{z, s, a) defined 
by (1.18). 

In our present systematic investigation of the A-generalized Hurwitz-Lerch zeta 
function 

iPpiCl,--- ,0-q) / a n-h Xi 

defined by (1.14), we make use also of the widely-studied 77-function of Charles 
Eox (1897-1997), which is defined by (see, for details, [48, p. 2, Definition 1.1]; 
see also [35, p. 1 et seg.], [86, p. 10 et seg.] and [92, p. 49 et seg.]) 

(op, Ap) 


Trm,n/ \ _ TTm,n 

-^p,q \^) 


_ Tjm,n 

— ^p,q 


ibq,Bq) 

(Ol, Hi), • 


, {ttp, Ap) 
) {bq, Bq) 


= 2 ^ 


(1.24) 


where 


H(5) = 


E ihj -\- Bjs) E (1 — aj — Hjs) 
i=i _1^1_ 

q p 

y ^ E (1 — bj — Bjs) E (oj -|- Ajs) 

j=m+l j=n+l 


(1.25) 
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Here 

z G C \ {0} with I arg( 2 :)| < TT, 

an empty product is interpreted as 1 , m, n, p and q are integers such that 
1 ^ m ^ g and 0 ^ n ^ p, 

>0 (j = 1 , • • • ,p) and > 0 (j = 1 , • • • , g), 

ajeC {j = l,---,p) and Pj £ C {j = l,---,q), 

and £ is a suitable Mellin-Barnes type contour separating the poles of the gamma 
functions 

{r( 6 , + 

from the poles of the gamma functions 


The relatively more familiar G-function of Cornelis Simon Meijer 

(1904-1974) is a special case of Fox’s Ff-function defined by (1.24), and we have 
the following relationship (see, for details, [59, p. 415]; see also [23] and [47]): 


\ _ ^m,n 


where, for convenience. 


/ 

iaq)U \ 


(ri) 1 ))■■■ ) (®p, 1 ) 

h 

1 . Tjra.n 

1 *“ ^P.q 

z 


V 

{bq)U ) 


( 6 l,l),--- ,( 6 q,l) 


(1.26) 




(«.)?=! 


ib,)U 


._ 

• ^PiQ 


? * * * ; ^p 


bi,- 


) bq 


(1.27) 


2. Explicit Series and Mellin-Barnes Type Contour Integral 

Representations 

Our first set of results are contained in Theorem 2.1 below. 


Theorem 2.1. The following explicit series and Mellin-Barnes type contour in¬ 
tegral representation formulas hold true for the extended Hurwitz-Lerch zeta func¬ 
tion 




s, a; b, A) 


defined by (1.14) ; 


- uxj 


P 

n i^j)npj 

i=i 


T ‘' iP'q 


XTis)^ , ,, 9 , , 

^ > n=0 [a+ n) -0 iTj)naj 
i=i 


■H, 


2,0 

0,2 


(a + n)b^ 




- (A > 0) ( 2 . 1 ) 


n\ 


and 
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nr(;u,) 

Pp ai,.. ^ ^ ^ -J-1-^- 

27riAr (s) n r (Aj) 
i=i 


r(s) nr(A,-5/i,) 

__ 

{a-sf ■ n -saj] 

i=i 


X H, 


2,0 

0,2 


(a — 5)h>' 




i-z)~^ ds (2.2) 


(A>0), 

provided that each member of the assertions (2.1) and (2.2) exists. 

Proof. By making use of the series expansion of the Fox-Wright function 

r (Ai,/5i),--- ,(Ap,/3p); 1 


p 




ze 


-t 


[ ,(/ig,CJq); J 

occurring in the integrand of (1.14) and evaluating the resulting integral, in terms 
of Fox’s if-function defined by (1.24), by means of the following corrected version 
of a known integral formula [48, p. 10, Equation (1.53)]: 


j.a— 1 


exp 


—bt - 

tP 


1 


2,0 


df = —— Hr. 2 
pba 0,2 


“ 

~ 

1 


bcp 



(a, 1), ( 0 , 4 ) 


(2.3) 


(min{3^(a), 3^(6), 3?(c)} >0; p > O), 

we obtain the series representation (2.1). 

Our demonstration of the Mellin-Barnes type contour integral representation 
(2.2) is much akin to that of the series representation (2.1). We, therefore, omit 
the details involved. 

In our derivation of each of the representation formulas (2.1) and (2.2), it is as¬ 
sumed that the required inversions of the order of summation and integration are 
justified by absolute and uniform convergence of the series and integrals involved. 
The final results (2.1) and (2.2) would thus hold true whenever each member of 
the assertions (2.1) and (2.2) of Theorem 2.1 exists. □ 

Remark 2.1. For the function 0^ {z, s, a; b) defined by (1.16), the following special 
cases of Theorem 2.1 were derived in [44]: 



242 


H. M. SRIVASTAVA 


and 


0 ^ {z,s,a;b) 


1 (M)n 

(^) (« + nr 


H, 


2,0 

0,2 


n)b 




n\ 


(A>0) 


(2.4) 


0 ^ {z,s,a;b) = 


1 


r(5)r(^-s) 


tj' 2,0 
■ -” 0,2 


27riAr (s) r (/i) (a - s)* 

(a —s)6A| I (— 2 :)“^ ds (A > 0), (2-5) 


it being assumed that each member of the assertions (2.4) and (2.5) exists (see, 
for details, [44]). 


We now turn toward some series representations and other related results for 
the extended Hurwitz-Lerch zeta function 


4> 




■ iPpi^ 1 1 
,Ap;/ii ,• 




defined by (1.14). We first give a pair of new series representations involving the 
the familiar Laguerre polynomials Lr\x) of order (index) a and degree n in x, 
defined by 

„ jiU 

fc =0 ^ ^ ^ ^ 

in terms of the Kummer’s confluent hypergeometric function iFi, which are 
generated by (see, for example, [92, p. 84, Equations 1.11(14)]) 


-n; 

a + 1; 


( 2 . 6 ) 


\—a—l 


(1 — t) exp 
Indeed, upon setting 


xt 

1-t 


OO 


= ^L<“>WC 


< 1; a G C) 


(2.7) 


t —y 1 — t' 


n=0 

^ and 


X = b 


in (2.7), we get 

^ ^ n=0 

We now make use of (2.8) and the series expansions of 

(^i)/^i))''' Pp)'i 

ze~*' 

{pii n'l), ■ ■ ■ ,(/iq,crg); 

occurring in the integrand of (1.14). If we evaluate the resulting Eulerian inte¬ 
gral, we are led easily to the series representations given by Theorem 2.2 below. 


^1 — and pT* 
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Theorem 2.2. Each of the following series representations holds true for the 
generalized Hurwitz-Lerch zeta function 




defined by (1.14) : 


^ oo n 


il^q 


T{s) 


n,£=0 k=0 


k I 1 
i=i 


•r(s + A(a + A: + l))4“)(6) 


(a + £)«+'^(“+*:+l) 


(2.9) 


(3f?(a) > 0; 3?(s + Aa) > —A) 

and 


— b / \ 

(/j) + A(a + A: + 1)) 

^ n=0 A:=0 ^ ^ 

■ + ^(“+j +1).«) (2-io) 


(3?(a) > 0; 3?(s + Aa) > —A), 

provided that each member of the assertions (2.9) and (2.10) exists, 




being given by (1.10). 


Proof. As already outlined above, our demonstration of the first assertion (2.9) of 
Theorem 2.2 is based essentially upon the representation (2.8) and the following 
well-known Eulerian integral: 

[ t/’-i dt = ^ (min{3ft(p),3?(cj)} > 0 ). ( 2 . 11 ) 

The second assertion (2.13) follows from the first assertion (2.9) when we interpret 
the ^-series in ( 2 . 10 ) by means of the definition ( 1 . 10 ). 

Just as in our demonstration of Theorem 2.1, it is tacitly assumed that the 
required inversions of the order of summation and integration are justified by 
absolute and uniform convergence of the series and integrals involved. The fi¬ 
nal results (2.9) and (2.10) would thus hold true whenever each member of the 
assertions (2.9) and (2.10) of Theorem 2.2 exists. □ 


Remark 2.2. By suitably specializing Theorem 2.2, we obtain the following known 
series representations for the generalized Hurwitz-Lerch zeta function 0^ {z, s, a; b) 
defined by (1.16): 
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->-b 


0 ^ {z,s,a-,b) = 


r(.) 


E E(-i)‘ 


n/=0 fc=0 

T{s + Xia + k + l))Li^\b) 


n\ fiJ. + i-l 
k 


{a + 


( 2 . 12 ) 


(K(a) > 0; 3?(s + Aa) > —A) 


and 


_l, CXI n ^ ^ 

0^ {z, S,a-, b) = ^ ■*“ + /c + 1)) 

^^^^n=0fc=0 

■ (b) (z, s + A(q! + /c + 1), fl) (2.13) 

(3?(a) > 0; 3?(s + Aa) > —A), 

provided that each member of the assertions (2.12) and (2.13) exists, <h* {z,s,a) 
being given by (1.18) (see, for details, [91]). 

Remark 2.3. For the extended Hurwitz zeta function Ci,{s,a) dehned by (1.20), it 
is easily deduced from the assertion (2.13) of Theorem 2.2 when A = /U = 1 and 
z = 1 that 


Cfe ('S,a) 


■ (&) C('S + a + J + 1, o) 


(2.14) 


(3?(a) > 0; 3?(s + a) > —l), 

provided that each member of (2.14) exists, C (s;®) being the Hurwitz (or gen¬ 
eralized) zeta function given by (1.3). The obvious further special case of (2.14) 
when 0 = 1 and a = 0 would yield the eorrected version of a known result (see 
[17, p. 298, Equation (7.78)]). 

Lastly, we choose give several pairs of summation formulas involving the the 
generalized Hurwitz-Lerch zeta function 


(Jj{pir" ,Pp<CTl,-- ,CTq) , 


s, o; b, A) 


defined by (1.14). First of all, it is easily seen from the first assertion (2.1) of 
Theorem 2.1 that 



SOME GENERAL FAMILIES OF THE HURWITZ-LERCH ZETA FUNCTIONS AND ... 245 




E 


n (^j)2npj 
i=i 


n=0 (a + 2 n)'' • n {H)2naj 

J=1 


■H. 


2,0 

0,2 


(a + 2n)b>' 




^ 2 n 


( 2 n)! 


(A > 0) (2.15) 


and 




(Pi,... pp,ai,... ,a,) ^ ^ pp,ai,... ,a,j ^ 

Ai,... ,Ap;pi,... V ) ) ) ) / Ai,... ,Ap;pi,... ,pq a i i t i j 


(pi,... ,Pp,o-i,... ,0-9) , 


n (^i)(2n+l)pj 

_1=1_ 

^r(s)^o(a + 2n + l)E 0 (M,)(2n+i)c 

1=1 


E 




2,0 

0,2 


(a + 2 n + 1 ) 6 a 


(A.1).(0,() J P" + 0' 


2 : 


2n+l 


(A > 0). (2.16) 


Alternative expressions for the first members of the summation formulas (2.15) 
and (2.16) are given by Theorem 2.3 below. 


Theorem 2.3. Each of the following summation formulas holds true for the the 
generalized Hurwitz-Lerch zeta function 


^li'" tf-^q ' ’ 


s, a; 6 , A) 


defined by (1.14) : 


is-l 




(pi,... ,pp,cri,... ,aq). 


A.,... 0. ^ N + “A. A) 

2pp,l,2ai 


_ ^( 2 pi,... , 2 pp,l, 2 ( 7 i,... ,20-5) 
,.^pj 2 ’Pi,p5 


2 a „A , , 

'S, 2 ’ ^ ^ 


(2.17) 


and 


is-i 


$ 


(pi,- 

Ai,.. 


■ ,Pp,<Tl,- 
, Ap 5 /j. 1 , • 




'(a, », o; I,, A) - (-a. ».«; d 


(^l)pi • • • (^p)pp ,(2pi,...,2pp,l,2(Ti,...,2(Tg) O' + 1 . gA , 

{pi)(TX ■ ■ ■ {hq)aq Ai+Pi,... ,Ap+pp;|,pi+o-i,... ,pp+(7p 4 ’ ’ 2 ’ ’ / 

(2.18) 


provided that each member of the assertions (2.17) and (2.18) exists. 
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Proof. In view of the definition (1.14), we get 

s,a-,b,\) + 6 . a) 


-^ir” tl^q 

1 


Vis) 


>0 


P ^ exp ( —at — ^ 


/ 

(-^1 


1- 

£ 

[vn 



ze-^ 

\ 

(mi 

■ ■ ■ 

j (Pqj ^q)j 


1 

{M,Pi), 

■ ■ ■ ) (^p: Pp )) 


+p% I - .26 

(l^l) <^1)) ■ ■ ■ ) (M<J) 

which readily simplifies to the following form: 

dpi:-- ,Pp,<^lr" ,0-q)i 


-t 


dt, 


(2.19) 


_ 2 

~W)i 






P ^ exp ( —at — ^ 




(|,l) ,(^i,cri),-- - ,ipq,ag); 


4 ^ 


-2t 


df. 


( 2 . 20 ) 


Upon setting 


t 

* 2 


and d 


in (2.20), if we interpret the resulting integral by means of the definition (1.14), 
we arrive at the first assertion (2.17) of Theorem 2.3. In a similar manner, we 
can prove the second assertion (2.18) of Theorem 2.3. 

Alternatively, we can derive the assertions (2.17) and (2.18) of Theorem 2.3 
by applying the series representation in (2.1) in order to interpret the second 
members of (2.15) and (2.16), respectively. □ 

Remark 2.4. For the particular case 0^ {z, s, a; b) dehned by (1.16), the following 
interesting analogues of the assertions (2.17) and (2.18) were derived earlier by 
Srivastava et al. [91]: 


is-l 


0^(-2;,s,a;6) + 0^ iz,s,a]b) 


E 


i-p) 


2n 0A 


^ (2n)! ^ 

n=0 ^ ^ 




( 2 . 21 ) 


and 


'iS-l 


e^(-z,s,a;b) - 0^ {z,s,a-,b) 


E 

n=0 


( ^)2n+l 0A^2^^^^^^.2A^U2n+l 


(2n + l)! ^ 


( 2 . 22 ) 
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provided, of course, that each member of the assertions (2.21) and (2.22) exists. 
In fact, by putting ^ = 1 in (2.21) and (2.22), and upon setting z —)■ —2: and 
a —)• 2a, Srivastava et al. [91] showed also that 


2^-1 


©1 {z, s, 2a; b) + ©^ {—z, s, 2a; b) 



and 


2 


s-l 


©^ (z, s, 2a; b) — ©^ (—2, s, 2a; b) 


z ©^ 







(2.23) 


(2.24) 


In its further special case when z = \ = 1, the summation formula (2.23) can 
be shown to correspond to known results (see, for example, [17, Theorem 7.9]; 
see also [17, pp. 308-309]). 


3. Derivative Properties and Associated Partial Differential 

Eqnations 


In this section, we aim at showing that the generalized Hurwitz-Lerch zeta 
function 




s, a; b, A) 


defined by (1.14) satisfies a partial differential equation when the parameter A is 
given by 

A = — (m G N). 
m 

We first derive the following lemma which will be useful in the demonstration of 
our main result of this section (Theorem 3.1 below). 


Lemma 3.1. (Derivative Property). The following derivative formulas hold true: 


(Pl)cri • • • {hq)o-q 
(^i)pi ■ ■ ■ (^p)pp 




f ,PpWl,--- ,crq) 

Al,-” ,llq 


(2,5, a; 6, A) I 


_ -PpWir- ,0-9) 

Ap+Pp;pl+<71,''' jpg+Cg 


{z,s,a + 1;6, A) 


(A > 0) (3.1) 


and 


(Pl)o-i • • • (Pg)o-q d ( Dpi,-- ,pp,ai,-- ,aq) 

(Al)pi---(Ap)p, d4 Ai,...,Ap;pi,...,p, 

_ iPpi^lT" ■>^q) 

Ai+pi,--- ,ApH-pp;/iiH-cri ,fiq-\-aq 


^2,5, a; 6™, 



^2,5,0 + l;b^, 



(m G N) (3.2) 


Proof. Our proofs of the derivative formulas (3.1) and (3.2) are simple and direct. 
For example, by applying the series representation (2.1), it is easily observed that 
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(Ml)g-i • • • {fJ'q)(Tq d ,pp,CTl,--- ,f7q) 

(Al)pi •••(Ap)p^ dzl 


(A*i)(7i • • • {fj'q)c 


(z,s,a;b, 


p 

n {^j)npj 
i=i 


Ar(s)(Ai)p, • • • (Ap)p, + n)" • n (/«j)r 

j=i 


^oS {a + n)b^ 


(A*i)(7i • • • {fj'q)c 




IN (n-1)! 


ri (Aj)(n+l)pj- 

i=i 


Ar(s)(Ai)p, • • • (Ap)p^ (a + „ + 1)^ . ]^ 


■ Hq ’2 {a + n + l)b^ — 


_ -Pp-o"!.'- <^q) 

Ai+pi,-** ,ApH-pp;/iiH-cri ,fiq-\-aq 


{z,s,a + 1;6, A) (A > 0), 


which yields precisely the first assertion (3.1) of the Lemma 3.1. The second 
assertion (3.2) follows immediately from (3.1) upon setting 

A = — (m G N) and 6 —)■ 6™ (m G N). 
m 


Our main result in this section is contained in the following theorem. 


Theorem 3.1. Let m G N. Then the generalized Hurwitz-Lerch zeta function 

P .1,... a,) ( 

Al,"' >Ap,pi,"- ,Pq \ J 

satisfies the following partial differential equation: 

^ir+'m"'Sj-{a+i)6'”9,] p-s) 

where the differential operators 6z and 6h are given by 


Sb :=eb{eb-s)l9b-- 


m — I 


9z:= z and 9b := b 

oz ob 


respectively. 
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Proof. First of all, let us rewrite the Ff-function occurring in the Mellin-Barnes 
type contour integral representation (2.2) as follows: 


H, 


2,0 


0,2 


(a — 5)h>' 




1 


= FTT / r (s + r - (a - s) 6 a 


27ri 


w 


A 


dw, 


(3.6) 

where £ is a suitable Mellin-Barnes type contour integral in the complex rc-plane. 
We now set 

Y = m (m G N) and 6—^6™ (m G N) 

A 

in the above equation (3.6) and then apply the following well-known (Gauss- 
Legendre) multiplication formula (see, for example, [1, p. 256, Entry (6.1.18)]): 


T{mz) = (2Tr)^ Ylr (z + 

i=i ^ 


j - 1 


m 


(3.7) 


1 2 

z 0, -,-, • • • ; m G N 

m m 


We thus find that 


H, 


2,0 

0,2 


(a — s)6 


(s,l), (0,m) 


= [ r (s -|- rc) r (mw) [(a — s) 6] ^ drc 

2vri 


1 — m 

(2vr)^ r 

27ri^/m 


r (s -h re) r (to -b 
1=1 


j - 1 


m 


{a — s) bm ^ dw 


l — m 

(271) — 


G'S+i (a-s)bm- 


m 




(3.8) 


where 




is a very specialized case of Meijer’s G-function defined by (1.26). 

We know that the function W defined by 


W := I z 


^1; * * * ; 
bi,--- ,bq 


(3.9) 


satisfies the following differential equation of order max (p, q) (see, for example, 
[23, p. 210, Equation 5.4(1)]): 

[(_1)P-— ^ + 1)... - Up + 1) - (i?, - 6i) • • • (i?, - 6,)] IF = 0, 

where 

d 
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Clearly, therefore, the function given by (3.8) satishes the following differential 
equation: 


(_1)-+1 (a-s) m-^b-eueb-s){0b--)---(eh- 

m \ m 


where, as already stated in (3.5), 


-/.I 

^ dh' 


Now, if we write [see also Equation (3.4)] 


Db := 9b {9b - s) (9b -^ • • • (9b - 

m \ m 


then the equation (3.10) becomes 


s, 0, 


= 0, (3.10) 


s, 0, —, —, • 


m—1 

m 


\m+l ^—m , 


-y-m+ljO 




( (a — s) bm ™ 


] 

V 

s 0 ^ ^ 

m—1 I 
’ m / 


(3.11) 


By applying the differential operator 2Db to the function 


4 > 


{pi,- 




—z, s, a: 


, — 
m 


given by (2.2) with 


z —— z^ A 


— (m G N) 
m 


and 


b ^ brn (m G N), 


we find by making use of (3.11) that 
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,Pp,o-ir-- ,o-q) 
I li^q 


—z, s, a;bm ^ — 


m 


V^(27r)^ nr(M,) . r(5)rfir(A,-s/.,) 

j=i f i=i 


27 rir(s) nr(A,) 

i=i 


\m+l 


(a - s)^ fl r {tXj - Saj] 
i=i 


C n J_ ^ m-l 

77?’ m ’ 


z ^ ds 


777 ’ m ’ ’ 777 


(-ir+' (27r)^ 6 fl T (nj) 

_ j=i 

27rir(.)nr(A,) 

i=i 


r(s)nr(A,-sp,) 

j=i _ 

(a-s)* n -S(7jl 

i=i 


• I {a-5)bm- 

=: (- 1 )™+^ m-^b{ali -I 2 ), 


s, 0, — — • • • 

’ ’ 777, ■ 777, ■ * 777. 


z ® ds 


(3.12) 


where the first integral Xi is actually the generalized Hurwitz-Lerch zeta function 
given by 


Xi = (-z,s, a] b^,— 


(3.13) 


The evaluation of the second integral X2 given by 


X2 := 


(271-)' 2 ™ n r i^ij) r (s + 1 ) n r {Xj - spj) 

i=i f j=i 


27rir(s) nr(A,) 

i=i 


i: 


{a-sY fl r(/ij -Sfjj) 


i=i 


G'S+i (« - s) 


ds 

1 2 m-l 


S, 0, —, —, ' 
' ’ m ’ m, ’ 


(3.14) 


is more complicated. Since the residues of T (s + 1) at the poles s = —k {k G N) 
are computed by 


, _ . 

Res {r(s + 1)}= lim (s + A:) r (s + 1) = , 

s=—k s—>-—k yk — Ij! 


(- 1 ) 


(3.15) 



252 


H. M. SRIVASTAVA 


the Residue Theorem 3.1 implies that 


\/^ (27r) 2 n r ifij) oo nr {Xj + kpj) 

^2 =- ^ ^-z'^ResjrCs + l)} 

r (s) n r (Xj) k=i (a + A:)® n r {pj + kaj) ^ 

i=i i=i 


G'Rm+i (« + brn- 


y/m{2Tr) 2 nr(/ij) 
i=i 


s, 0, 


nr(A, + fcp,) 

i=i 


_^ _ 

^(•5)0^ (Aj) k=i (a + A:)® n r {pj + A:<Tj) 

i=i i=i 


(k-iy. 


(« + bm- 


n — — ^-1 

m’ m’ ’ m 


z ( 27 r) 2 Y\ r (^j) ^ n r(Aj + (A: + l)pj) 

_^_ [—z) 

r (s) r (Aj) k=o (a + 1 + /c) r(/ij + (A; + l)pj) 

i=i i=i 


G'S+i I (a + 1 + A;) bm' 


^ ^ ’ m 


mzAi • • • Ap 


nr(A, + i) 

i=i ' 


^^l■■■^^c,r{s)^^^a + l + kr nr(M, + i)^ 


i^Q 2 (tt + 1 + /c) 6 


(s,l), (0,m) 


= f-z,s,a;6^, 1 


(3.16) 


Thus, by applying the derivative formula (3.2) in (3.16), we get 


X2 = -z A (_ !_ 

(J2: 1 Ai,---I ^ 


(3.17) 
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Now, upon substituting from (3.13) and (3.17) into (3.12), we obtain 




d 


+ (-1)™+! m-™ 




m 


(3.18) 


which, after a straightforward simplification, assumes the following form: 


(-1)”^+^ rrT ^i>-ab-be. 


Pp ai,... a,) , ^ 

'^1 ;■■■ r ” * 5 ? ? ?- 


1 1 

m 


= 0 

(3.19) 


:= z 


A 

dz 


Finally, by setting 


(m G N) and z —)• —z 


in the last equation (3.19), we readily arrive at the desired result (3.3) asserted 
by Theorem 3.1. □ 

Remark 3.1. An interesting special case of Theorem 3.1 occurs when we set m = 1. 
We are thus led immediately to the following results. 

Theorem 3.2. The generalized Hurwitz-Lereh zeta function 

satisfies the following partial differential equation: 

P-20) 

Furthermore, the generalized Hurwitz-Lereh zeta function 

when considered as an analytic function of the variable b, satisfies the following 
relationship: 


d 


d 


’’Why’Wh-’) Vdb-'- 


a 


{XXUvXXX’ 

X’ p- ».»+p d - 


Tl---hq 


(3.21) 
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4. Applications Involving the Hurwitz Measnre and Probability 

Distributions 


Let XA (n) be the characteristic function of the subset A of the set N of positive 
integers (or, in the language of probability theory, the indicator function of the 
event 4. C N). Then it is well known that the following arithmetic density of 
number theory: 

1 ^ 

dens (4) = lim -N XA{n) (44) 

k^oo k 

n=l 

does not define a measure on the set N of positive integers. In order to remedy 
this deficiency, Golomb [30] defined a probability on the sample space N and 
showed that, if the subset 4 of N has an arithmetic density, then 

lim Qs (4) = dens (4), (4-2) 

s—>-1 

thereby allowing number-theoretic facts regarding densities of sets of positive in¬ 
tegers to be proven by probabilistic means and then showing that such properties 
are preserved in the limit. Subsequently, in an interesting sequel to Golomb’s 
investigation [30], Lippert [42] gave an analogous definition of the probabilities 
Pg when the set N is replaced by the set of all real numbers greater than 1. Thus, 
for a Borel set 4 C (1, oo), Lippert’s Hurwitz measure of the set 4 is defined by 
(see, for details, [42, p. 279, Definition 1] 

^s(4) = -^/ XA(a)C(s + l,a;)dx (4.3) 

C(s) Ji 

or, equivalently, by 


Ps (4) = f XA (a:) d^ (x, s ), (4.4) 

J aiG(l,oo) 

where, in terms of the Hurwitz (or generalized) zeta function C{s,a) defined by 
(1.3), we have 


/i(x,s) := - 


C (s,x) 


and 


^ dC(s,x) C(s + l,a:) 
d^(x, s) = -—— = s-—-dx. (4.5) 


C(.) C(s) C(^) 

More recently, Srivastava et al. [91] introduced and investigated a new continuous 
analogue of Lippert’s Hurwitz measure in (4.3) by using a special case of the 
generalized Hurwitz-Lerch zeta function 0^ (z, s, a; h) defined by (1.16), that is. 




(l,s,a;6) = 


ns) 


10 


1 — e 


-t 


exp ( —at — ] dt 


= 4 > 


(pi,--- ,Pp,(71,--- ,aq) 

-^ir" Ap 


(l,s,a;6. A) 


P-1=<?=0 (Ai=p=l; pi=l) 


(4.6) 


Definition 4.1. A Borel set [named after Emile Borel (1871-1956)] is any set 
in a topological space that can be formed from open sets (or, equivalently, from 
closed sets) through the operations of countable union, countable intersection and 
relative complement. Thus, for a Borel set 4 C (l,oo), the generalized Hurwitz 
measure of the set 4 is defined by 


n(A) 


s 

©1 (i,s, i;&) 



XA (a) ©^ (l,s 


1, a; b) da 


(4.7) 
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or, equivalently, by 


Ps {A) = XA (a) dfj, (a, s; b, A), 

J aG(l,c>o) 


(4.8) 


where 


and 


(a, s; b,X) = — 


n{a,s;b,X) := - 


d0^ (1, s, a; b) 


Qi 

(l,s,l;6) 


(4.9) 


-0^ (1, s + 1, a; 6) da, (4:.10) 


0^(l,s, 1;6) e^{l,s,l-,b) 

since it is easily seen from the definition (1.16) that 

|0^ {z, s, a; 6)} = -s 0^ {z, s + l,a;b). (4.11) 

In view of the following relationship: 

roo 

Ps((l,oo))= / d/i (a, s; 6, A) = lim /x (a, s; 6, A) —/x (1, s; 6, A) = 1, 

^ ^ Jl a^oo 


da 


the generalized Hurwitz measure PsiA) in (4.7) or (4.8) also defines a probability 
measure on (l,oo). 


Remark 4.1. For A = 1 and by letting 6 —)■ 0, we have 


lim n 


ab 


(s,l),(0,l) 


= r(5), 


(4.12) 


which implies that 


lim fj, (a, s] 
b^O 


6,1) = — lim 


0} (l,s,a,6) 


0} (1, s, 1, h) 


C (^,a;) 

C(s) 




(4.13) 


Thus, clearly, /x (x, s) can be continuously approximated by ja (a, s; b, 1). 


Theorem 4.1. The measure n {a, s]b, X) satisfies the following difference equa¬ 
tion: 


/U (a + 1, s; b,X) — jj, (a, s; b, A) 


-” 0,2 



Aa^r (s) 0^ (1, s, 1; b) 


(4.14) 


(s > 1; a > 0; 6 > 0; A > 0). 
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Proof. From the series representation (2.4) of 0^ {z, s,a + 1; b) (with /x = 1 and 
z = 1), we have 


0^ (1, s, a + 1; 6) — 


E 


H, 


2,0 


AF (s) (a + n + 1)" 


n=0 

oo 


(a + n + 1) 6^ 




1 ^_ 1 _ 

XT (s) ^ (a + n) 

^ ' n=l ^ 


\5-^0,2 


(a + n) 


= 0^ (l,s,a;6) - 


H, 


2,0 


Aa^F(s) 


ab^ 


(s,i),(o,i) 


(0>i) J 


(4.15) 


The difference equation (4.14) now follows on combining (4.9) and (4.15). □ 

Remark 4.2. For A = 1 and by letting 6 —)■ 0, the difference equation (4.14) 
reduces to the following form: 

/i(a + l,s) -Jl{a,s) = J' , (4.16) 

a^C (s) 

where Ji (x, s) is given by (4.5). 

For open events, the generalized Hurwitz measure PsiA) in (4.7) or (4.8) can 
be evaluated by using (4.8) and the above Proposition. The results are being 
stated as Theorem 4.2 below. 


Theorem 4.2. If A = (a, a + 1), then 


-^0,2 


Ps (A) = Ps{{a, a+ 1)) = 


ab^ 


(s,i),(o,i) 


14 171 

Aa"F(s)0^(l,s,l;6) ’ ^ ^ 

More generally, the generalized Hurwitz measure of an open set A C (l,oo) is 
given by 

'0^(1,5,0*; 6) - 0^ (1,5,6*; 6)' 


Ps{A) = Y,Ps{ia^,h))=Yl 

where 


i&I 


i&I 


©1 (i,s, i;&) 

A = [J{ai,bi) {ai,bi G [l,oo)] i G I). 


(4.18) 


is/ 


The following theorem shows that the generalized Hurwitz measure Ps{A) in 
(4.7) or (4.8) basically inherits all properties of Lippert’s Hurwitz measure given 
by (4.3) or (4.4). 


Theorem 4.3. Corresponding to the generalized Hurwitz measure given by (4.18), 
let 

^ (f) = U ^ ^ ^])- 

iSN 


(4.19) 
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Then 


limPs(yl(e)) = e. 


Proof. From (4.18), we have 

“ ^©1 (l,s,i;6) - 0^ (l,s,i+ e;6) 


Ps (^) = E 


2=1 


©1 (1,'S, 1;6) 


(4.20) 


(4.21) 


By expanding the function 0^ (1, s,i + e, b) by means of Taylor’s series and using 
the derivative formula (4.11), we get 


Ps (A) = 


1 


©t (l,s, P,b) 


esE©i + 


2 = 1 
^2 


-s {s + 1) E ©1 (1, s + 2, i; 6) + • • • | 
i=i ) 

We now consider each sum in (4.22) separately. We thus find that 

(i + n)h^ 


(4.22) 


^2,0 

-^0,2 


^e^{l,s + m,i;b) 


1 


2=1 


AF (s + m) ^ ^ 

' ^ 1=1 n=0 

(j + n + l)b^ 


{s + m, 1), (0, i) 


{i + n) 


S+m 


Tr2,0 

-^0,2 


1 


AF (s + m) 


EE 


(s + m, l),(0,i) 


(j + n + 1) 


S+m 


(4.23) 


j=0 n=0 

Since the number of non-negative integer solutions of the Diophantine equation 
j + n = Ai is 

W + F 


1 


= iV + l, 


the double summation in (4.23) can be replaced by a single summation, that is. 


OO - OO 

E ©1 (1> s + m,i]b)= —r E 

XT [s + m) 


tr2,0 

Po,2 


{N + l)b^ 


(s + m,l), (O, i) J 


2 = 1 


We thus obtain 


N=0 


(IV+ 1) 


S+m—1 


= 0+1, s + m — 1,1; b) 


(4.24) 


©+l,s,l;6) 0+1, s +1,1; 6) 


lim Ps (vl) = lim es — ; ’ ’ ’ -s (s + 1) \ ^ " + 

©+!, + !;&) 2 0+l, + l;6) 


. .... 0+1, s +1,1; 6) 


= e —— s (s + 1) lim 


0+l,s,l;6) 


+ 


(4.25) 


We note that, when s —)• 1, the series for 0+1, s, 1; 6) is divergent and the series 
for 0+1, s +1,1; 6) is convergent. Therefore, all other terms vanish in (4.25) 
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except the leading term. Consequently, we get 

lim Ps (yl) = e, (4.26) 

s —>-1 

which completes the proof of Theorem 4.3. □ 


It does not seem to be difficult to extend the above-detailed investigation of 
the generalized Hurwitz measure, which was presented earlier by Srivastava et 
al. [91], to analogously cover wider and more general situations involving the 
Hurwitz-Lerch zeta function 


,^q) 


{z,s,a;b,X) 


defined by (1.14). Nevertheless, we choose to turn instead toward an investiga¬ 
tion of the following general probability distribution involving this generalized 
Hurwitz-Lerch zeta function. 


Definition 4.2. A random variable ^ is said to be generalized Hurwitz distributed 
if its probability density function is given by 


(«) := { 


ipi," 

Ap;Mir 






{z, s -I- 1, a; b, A) 


4> 


(Pl,-- ,Pp,(Tl,-- ,(Tg) 


(z,s,l;6. A) 


(a^l) 


(4.27) 


0 (otherwise), 

where it is tacitly assumed that the arguments z, s, b, A and /j,. and the parameters 

^j’Pj (j = 1, • • • ,P) and {j = !,■■■ , q), 

are fixed and suitably constrained so that the probability density function (a) 
remains nonnegative. 


Theorem 4.4. Suppose that ^ is a continuous random variable ^ with its prob¬ 
ability density function defined by (4.27). Then the moment generating funetion 
M (3) of the random variable is given by 


M (3) := E, 


=3? 




n=0 


r 

n! 


with the moment Eg of order n given by 


E. ri = E 


ni r (s - k) (c,»-k.ub,x) 


k=0 


{n-k)\ r(s) 


^{PU-,p„,au-,ag) ( 1 5 y) 

M,--- ,Pq \ ^ 1 1 7 ) 


(4.28) 


(4.29) 


Proof. The assertion in (4.28) can be derived easily by using the exponential 
series for On the other hand, since 


da 


(pi,--- ,Pp,o-i 
,Ap;pi, 




7^q) 
l-lq 


(2:,s,a;6, A)| 

7(Xq) 




{z,sP l,a;6. A) 


(4.30) 
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which follows readily from the definition (1.14), if we make use of integration by 
parts, we find from the definition of the moment that 


/ OO 

a" (a) da 






l°° (^.» + 1 . o; 6, A) da 


1 


-f"" I ^ a) } da 


Ai,---,Ap;/di,-" ,/dq V ) ) ) ) / 


+ 


n 


a=l 


g i- ij X) 

Ai,---,Ap;/ii,-" ,/dq \ 1 ^ 1 1 J 


= 1 — lim 


Ai,..,Ap;mi,-,P, KZ,s,a-b,X)da 

■■ )Pp 5^1 ?■■■ 5*^5, 

'^ir" il-^q 




+ 


n 


a^oo I (jjfPir--iPpiO-ir" iCq) / c 1 • A XI ( (j){Pi r" iPpifAi r" :0'g) / it a\ 

I ^Ai.-.A„:ui.-.u„ U,S,l,0,Aj I ‘l*Ai,-,Ap;/di,-,/d, 


s-^piPir" jMg 
^n-l ^(Pl,-- ,Pp,^l,- 


-^ir" i-^pjpir" Tpg 


= 1 + 


n 


■ P »”“■ (^- *•«; d“ (» e N), (4.31) 


where, in addition to the derivative property (4.30), we have used the following 
limit formula: 


lim |a” <5(pi>--Pp-m,-,^) g a-^x)] 

a^oo I Ai,-,Ap;/di,-,Ai5 A 1 ) ) ) /J 


roo 


= lim 

a^oo 


lr(s) 


+5-1 


r(s) 


^ exp 


exp ( —at — ^ ) f dt 

, , lim |a’"e-“n 
J a—Aoo ^ ^ 


P^q 


(Pl)<Tl),--- ,{fiq,0'q)] 


ze 


-t 


dt 


= 0 (n G N). 

Consequently, we have the following reduction formula for E^ 

E [^nj ^ ^ ^ Ai ...,Ap,/di,...,M, V - )_ _r^ a IT 

(n G N). 


(4.32) 


(4.33) 
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By iterating the recurrence (4.31), we arrive at the desired result (4.29) asserted 
by Theorem 4.4. □ 


Remark 4.3. A special case of Theorem 4.1 when 


p — 1 = q = 0, Xi = p = 1 and pi = 1 


was considered by Srivastava et al. [91]. Moreover, in an earlier investigation, 
Gupta et al. [32] considered some particularly simple forms of the Hurwitz-Lerch 
zeta distributions and their applications in reliability theory. On the other hand, 
in a very recent investigation, Saxena et al. [65] made use of some specialized 
cases of the extended Hurwitz-Lerch zeta function 


,(Tg) 


iz,s,a) 


of Srivastava et al. [95, p. 503, Equation (6.2)] (see also [69] and [87]), which is 
defined here by (1.10), in statistical inference. 


5. Concluding Remarks and Further Applications Including 
Directions for Further Developments 

The main purpose in our presentation here has been to introduce and study 
the properties and relationships associated with some novel families of the Rie- 
mann, the Hurwitz (or generalized) and the Hurwitz-Lerch zeta functions as well 
as the so-called A-generalized Hurwitz-Lerch zeta functions. We have successfully 
presented many potentially useful results involving some of these A-generalized 
Hurwitz-Lerch zeta functions including (for example) their partial differential 
equations, new series and Mellin-Barnes type contour integral representations 
(which are associated with Fox’s R-function) and several other summation for¬ 
mulas involving them. We have discussed their potential application in Number 
Theory by appropriately constructing a presumably new continuous analogue of 
Lippert’s Hurwitz measure. We have also considered some other statistical ap¬ 
plications of these families of the A-generalized Hurwitz-Lerch zeta functions in 
probability distribution theory. 

As it is widely believed and accepted, Mathematies appeals to the intellect. In 
addition, however, great mathematics possesses a kind of perceptual quality which 
endows it with a beauty comparable to that of great art or great music. Much of 
the work of the 18th century Swiss mathematician, Leonhard Euler (1707-1783), 
belongs in this category. Euler’s work on C,{s) began around 1730 with approxi¬ 
mations to the value of C(2), continued with the evaluation of C{2n) (n G N), and 
resulted around 1749 in the discovery of the celebrated functional equation for 
([(s) almost 110 years before the remarkably influential German mathematician, 
Georg Friedrich Bernhard Riemann (1826-1866). 

Explicit evaluations of such zeta values as C (3), C (5), it et cetera are known 
to arise naturally in a wide variety of applications such as those in Elastostatics, 
Quantum Field Theory, et eetera. For example, we may refer the reader to 
the works by Tricomi [99], Witten [103], and Nash and O’Connor (see [55] and 
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[56]). On the other hand, in the case of even integer arguments, the following 
computationally useful relationship is known: 

c (2n) = (-1)"-' B 2 n (n G No := N U {0}) (5.1) 

together with the well-tabulated Bernoulli numbers defined by the following gen¬ 
erating function: 

OO 12 

gz _ I ^ (|5;|<27r), (5.2) 

n=0 

as well as by the following recursion formula: 

.-1 n-l 

^+ 2 ) E ^ (2A:) C (2n - 2fe) (nGN\{l}). (5.3) 

' k=l 



For the Hurwitz (or generalized) zeta function a) defined by (1.3), one can 
easily derive the following simple consequence of the binomial theorem: 

C,{s + k,a)t^ = C,{s,a-t) (|t|<|a|). (5.4) 

k=0 

Furthermore, for the Hurwitz-Lerch zeta function 4>(z,s,a) defined by (1.1), we 
similarly get 

00 . N 

^{z,s + k,a)t^ = ^{s,a-t) (|t| < |a|). (5.5) 

k=0 

More generally, it follows easily from the definition (1.10) that 


00 

kl 

k=0 






■■ ,Pp,o-l, 




{z, s k, a)t^ 


= i-S.': 


■ iPp r 


■>Pq 


{z,s,a-t) (|t| < |a|) 


(5.6) 


On the other hand, for the A-generalized Hurwitz-Lerch zeta function defined by 
(1.14), we find that 


E \^)k ,o-q)/ 

k=0 


-\- k, a; b, X)t^ 


(pi,- 

Xp'Wit" 




Wq 


'‘\z, s,a — t] b, A) 


which would immediately yield (5.6) when 6 = 0. 


(|i|<|a|), 


(5.7) 


In a series of papers by Srivastava and others (see, for details, a recent survey- 
cum-expository presentation by Srivastava [72]), the summation formula (5.4) and 
other results were applied rather extensively for establishing rapidly convergent 
and computationally useful series and other representations for ^(2n-|-l) (n G N). 
Such results for the zeta values at odd positive integers 2n -|- 1 (n G N) were re¬ 
visited and applied recently by Delplace [20] in his study of the elastic membrane 
model involving Poissons partial differential equation with rectangular boundary. 
Presumably, the effective usages of one or the other of the summation formulas 
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(5.5), (5.6) and (5.7) in finding the corresponding rapidly convergent series rep¬ 
resentations for s = 2n -|- 1 (n G N) is still an Open Problem. 


In Geometric Function Theory of Complex Analysis, in the year 2007 Srivas- 
tava and Attiya [73] introduced and initiated the study of the linear operator 

which they defined, for a function f{z) in the class A of normalized analytic 
functions in the open unit disk 

U = {z : z G C and \z\ < 1}, 


by 

■= Gs,a{z) * f{z) (o G C \ Zq ; s G C), (5.8) 

where the symbol * denotes the Hadamard product (or convolution) of analytic 
functions and the function Gs,a is defined by 

Gs,a{z) = (a + 1)*[^>(2:, s, a) - a“*] 

in terms of the Hurwitz-Lerch zeta function <I>( 2 ;,s,a) given by (1.1). 

For a function / G A of the form given by 

CXD 

/(z) = z-h ^ a„ z” (^;GU), 

n=2 

it is easily found from the definitions (5.8) and (1.1) that 

J,,„(/)(z) = z + V^ (zGU). (5.9) 

^2 + 


Ever since the publication of the aforementioned pioneering work by Srivastava 
and Attiya [73] on the Srivastava-Attiya operator Jg^a defined by (5.8), the litera¬ 
ture on Geometric Function Theory in Complex Analysis has become flooded by 
its numerous further studies involving various classes of univalent and multivalent 
analytic and meromorphic functions as well as by a large variety of its extensions 
and generalizations. For ready reference of the interested reader, we have chosen 
to include the citations of most (but, by no means, all) of these recently-published 
related works dealing, in one way or the other, with the Srivastava-Attiya oper¬ 
ator Jg^a defined by (5.8). 


We choose to conclude our presentation by giving a brief outline and survey of 
some further recent developments in the subject-matter of our presentation here. 
Indeed, for several novel properties and results as well as for some other appli¬ 
cations of the Hurwitz-Lerch zeta function ^{z^ s,a) as well as the A-generalized 
Hurwitz-Lerch zeta functions, the interested reader may refer to the recent works 
[45], [65], [69] to [72], [76], [87], [88], [95], [97] and [98]. Moreover, by making 
use of the A-generalized Hurwitz-Lerch zeta functions, many recent publications 
have introduced and studied a number of general Srivastava-Attiya type convo¬ 
lution operators in the context of analytic as well as meromorphic functions in 
Geometric Function Theory of Complex Analysis (see, for example, [14] and [82] 
to [85]). Such areas of applications of the Hurwitz-Lerch zeta function <h( 2 ;,s,a) 
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as well as the A-generalized Hurwitz-Lerch zeta functions are still growing rather 
continuously. 
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